We present a model of holographic dark energy in which the Infrared cutoff is determined by both the Ricci and the Gauss-Bonnet invariants. Such a construction has the significant advantage that the Infrared cutoff, and consequently the holographic dark energy density, does not depend on the future or the past evolution of the universe, but only on its current features, and moreover it is determined by invariants, whose role is fundamental in gravitational theories. We extract analytical solutions for the behavior of the dark energy density and equation-of-state parameters as functions of the redshift. These reveal the usual thermal history of the universe, with the sequence of radiation, matter and dark energy epochs, resulting in the future to a complete dark energy domination. The corresponding dark energy equation-of-state parameter can lie in the quintessence or phantom regime, or experience the phantom-divide crossing during the cosmological evolution, and its asymptotic value can be quintessence-like, phantom-like, or be exactly equal to the cosmologicalconstant value. Finally, we extract the constraints on the model parameters that arise from Big Bang Nucleosynthesis.
I. INTRODUCTION
According to the concordance paradigm of cosmology the universe, after being in a long matter-dominated epoch, has entered in an accelerating phase. Although the reasonable explanation is that the cause of this acceleration is the cosmological constant [1] , the possibility of a dynamical nature, as well as the need to additionally describe the early-time acceleration era (inflation) too, led to the need of introducing extra degree(s) of freedom beyond the standard framework of general relativity and Standard Model of particles. One can attribute these extra degrees of freedom to new, exotic forms of matter, such as in the dark energy concept (for reviews see [2, 3] ), or alternatively, one can consider the extra degrees of freedom to have gravitational origin, i.e. to arise from a gravitational modification that possesses general relativity as a particular limit (see [4] [5] [6] ).
A rather interesting alternative for the explanation of the dark energy nature is obtained through application of the fundamental holographic principle, that arises from black hole thermodynamics and string theory [7] [8] [9] [10] , at a cosmological framework [11] [12] [13] . Starting from the connection of the Ultraviolet cutoff of a quantum field theory, which is related to the vacuum energy, with the largest distance of this theory, which is necessary for the quantum field theory applicability at large distances [14] , then the obtained vacuum energy will be a form of dark energy of holographic origin, called holographic dark energy [15] (for a review see [16] ). Despite some objections [17, 18] , holographic dark energy has attracted a considerable amount of research and proves to have interesting * Electronic address: Emmanuel Saridakis@baylor.edu cosmological phenomenology either in its basic [15, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] as well as in its various extensions [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] , while it has been shown to be in agreement with observational data [44] [45] [46] [47] [48] [49] .
Although the basic idea that holographic dark energy density should be proportional to the inverse squared Infrared cutoff L, namely
with κ 2 the gravitational constant and c a parameter, is in general accepted as long as one agrees with the cosmological application of holographic principle, there is not a concrete answer and consensus on what the Infrared cutoff should be. Since the simplest choice, namely the Hubble radius, cannot lead to an accelerating universe [50] , and since the next guess, namely the particle horizon, cannot drive acceleration either, in the original version of the scenario it was the future event horizon that was finally used [15] . Although such a choice leads to interesting cosmological implications, it possesses an unpleasant feature, namely that the present value of the dark energy density is determined by its future evolution. Hence, various "modified" models of holographic dark energy appeared in the literature, in which the Infrared cutoff is not the future event horizon, but quantities with dimensions of lengths that depend on the past or the present features of the universe. In the first class of models one can have the "agegraphic dark energy" scenario, in which the age of the universe or the conformal time play the role of the Infrared cutoff [51] [52] [53] [54] , while in the second class the inverse square root of the Ricci curvature is used [55] .
The Ricci holographic dark energy, apart from the advantage that it does not depend neither on the future nor on the past universe evolution, and apart from its inter-esting cosmological applications [55] [56] [57] [58] [59] , has the advantage that the Infrared cutoff is calculated through a gravitational invariant. Although the underlying theory that could lead to that is unknown, such a possibility is theoretically intriguing since the use of invariants in physics is fundamental. Nevertheless, apart from the Ricci scalar, one could have other invariants determining the Infrared cutoff too, and the simplest such extension would be to use the Gauss-Bonnet combination.
In this work we are interested in exploring such a possibility, i.e. to construct a model of holographic dark energy in which the Infrared cutoff is determined by both the Ricci scalar and the Gauss-Bonnet invariant. Such a model is theoretically more concrete, since higher order invariants contribute too, and it has an additional parameter that allows for richer cosmological behavior. The plan of the manuscript is the following. In Section II we present the scenario of Ricci-Gauss-Bonnet holographic dark energy. In Section III we investigate the cosmological applications, extracting analytical expressions and studying the evolution of dark energy density and equation-of-state parameters. Finally, Section V is devoted to the conclusions.
II. RICCI-GAUSS-BONNET HOLOGRAPHIC DARK ENERGY
In this section we will construct a model of holographic dark energy, in which the Infrared cutoff will be a combination of the Ricci and Gauss-Bonnet scales. We consider a homogeneous and isotropic FriedmannRobertson-Walker (FRW) metric of the form
where a(t) is the scale factor and with k = 0, +1, −1 corresponding to flat, close and open spatial geometry respectively. In the following we will focus on the flat case for convenience, however the generalization to nonflat geometry is straightforward.
In usual Ricci dark energy [55] one uses the Ricci scalar calculated in an FRW metric in order to account for the IR cutoff. In particular, since the Ricci scalar has dimensions of inverse length square, one obtains a holographic dark energy density proportional to it. Nevertheless, it is known that when one uses curvature invariants in a particular modification, for consistency he should use other invariants that could participate in the same order too. Hence, since in FRW geometry the Gauss-Bonnet combination G = R 2 − 4R µν R µν + R µνρσ R µνρσ is of the order of R 2 , in a model of holographic dark energy where R is used to determine the IR cutoff, |G| should be contribute too. Having these in mind, in this work we will consider a scenario of holographic dark energy in which the inverse squared IR cutoff is 1
where the constants α and β are the model parameters. Clearly, for β = 0 on re-obtains the standard Ricci dark energy, while for α = 0 we acquire a pure Gauss-Bonnet holographic dark energy. Inserting (3) into (1), we obtain the energy density of the Ricci-Gauss-Bonnet holographic dark energy as
where we have absorbed the constant c into α and β.
In flat FRW geometry the Ricci scalar and the GaussBonnet combination read as
where H =ȧ/a is the Hubble function, with dots denoting derivatives with respect to cosmic time t. Therefore, the Ricci-Gauss-Bonnet dark energy density becomes
The first Friedmann equation writes as
with ρ m the energy density of the matter sector, which as usual is assumed to correspond to a perfect fluid, whose equation-of-state parameter is w m = p m /ρ m with p m its pressure. The equations close by considering the usual conservation equation for the matter sector, namelẏ
Equations (8) and (9) can determine the universe evolution as long as the matter equation of state is known. In particular, considering a pressureless (i.e. w m = 0) matter sector, equation (9) gives ρ m = ρ m0 /a 3 , with ρ m0 the value of the matter energy density at the present scale factor a 0 = 1 (in the following the subscript "0" marks the value of a quantity at present). Thus, inserting into (8) , and knowing (7), we obtain a differential equation for a(t) that can be solved similarly to all darkenergy and modified-gravity models. Nevertheless, in the following we desire to investigate the scenario at hand elaborating the equations suitably, and provide analytical expressions.
III. COSMOLOGICAL EVOLUTION
Let us elaborate the equations in a similar way to many holographic dark energy models, and provide analytical solutions, focusing for simplicity to the usual dust matter case. It proves convenient to introduce the density parameters as
which for dust matter gives immediately
Knowing that in terms of the density parameters the Friedmann equation (8) becomes just Ω m + Ω DE = 1, we can easily extract that
As usual, instead of time t it proves more convenient to use x ≡ ln a as the independent variable, and hence for every quantity f we will haveḟ = f ′ H, with primes denoting derivatives in terms of x. Differentiating (12) we findḢ
Hence, inserting (13) into (5) and (6) we result to
Finally, inserting these into (4) and then into (11) we obtain
(16) This is the differential equation that determines the evolution of Ricci-Gauss-Bonnet holographic dark energy, in a flat universe and for dust matter. This equation accepts an analytic solution in an implicit form, namely:
where ǫ ± = ±1 determines the two solution branches. In the above expression we have defined the constants
Furthermore, x 0 is an integration constant which can be determined applying (17) at present, i.e. at a = a 0 = 1, and setting Ω DE = Ω DE0 . In summary, (17) provides the two branches of the analytical solution of the RicciGauss-Bonnet holographic dark energy as a function of the logarithm of the scale factor. Hence, one immediately has its behavior in terms of the redshift z = a 0 /a − 1, since x ≡ ln a = − ln(1 + z). Lastly, inserting (17) into (12) provides H(z), and moreover performing the integration one can obtain the solution for a(t) too, however this is not necessary since knowing the behavior of the observables in terms of z is adequate.
Apart from the evolution of the dark energy density parameter Ω DE (z) that was extracted above, the other important observable is the dark energy equation-of-state parameter w DE . In order to calculate it we proceed as follows. Since matter is conserved according to (9), we deduce that as usual holographic dark energy is conserved too, namelyρ
where w DE ≡ p DE /ρ DE , with p DE the holographic dark energy pressure. Inserting (4) into (19) we obtain
where as previously primes denote derivatives with respect to x ≡ ln a. Differentiating (5) and (6) and using (13) we straightforwardly acquire
and
Thus, inserting (21), (22) into (20) we finally obtain
In summary, since Ω DE as a function of ln a is known from (17) , relation (23) provides the equation-of-state parameter for Ricci-Gauss-Bonnet holographic dark energy as a function of ln a, i.e as a function of the redshift. Lastly, it proves convenient to introduce the deceleration parameter q, given by Let us now use the above expressions in order to examine the evolution of the Ricci-Gauss-Bonnet holographic dark energy density Ω DE and equation-of-state w DE parameters in terms of the redshift z, given straightforwardly through x ≡ ln a = − ln(1 + z). In the upper graph of Fig. 1 we present Ω DE (z) and Ω m (z) = 1 − Ω DE (z), as they are given by the positive branch of (17) . In the middle graph we depict the corresponding behavior of w DE (z) as it arises from (23) . And in the lower graph we draw the deceleration parameter from (24) . As we mentioned above, the integration constant x 0 in (17) has been chosen in order to obtain Ω DE (z = 0) ≡ Ω DE0 ≈ 0.68 in agreement with observations [60] . Finally, in the figures we have extended the evolution up to the far future, namely up to z → −1 which corresponds to t → ∞. As we observe, we can obtain the usual thermal history of the universe, with the transition from deceleration to acceleration happening at z ≈ 0.45 as required, and in the future the universe tends asymptotically to a complete dark-energy dominated state.
We mention that according to (20) (17) has been chosen in order to obtain Ω DE (z = 0) ≡ Ω DE0 ≈ 0.68, and additionally the specific pairs of α and β have been chosen in order to obtain an early-time behavior of Ω DE (z) in agreement with observations (i.e. similarly to Fig. 1 ). As we can see in Fig. 2 , keeping α constant for increasing β we obtain an increasing current (i.e. at z = 0) and asymptotic future (i.e. at z → −1) value of w DE . Thus, for some parameter regions the dark energy can exhibit the phantom-divide crossing before or after the present time, for some other parameter regions it lies always in the quintessence regime, and for some other parameter regions w DE can asymptotically go to −1 i.e. the universe results in a de Sitter phase (one can see that Eq. (8) admits a late-time de Sitter solution if 1 = 12α + 2 √ 3β). For completeness we mention that one can have parameter regions in which w DE lies always in the phantom regime, and in some such cases the universe results to a Big Rip. Additionally, in Fig. 3 we can see that although the asymptotic value of w DE does not depend on the sign of β (one can easily see by taking the approximation of (17) for Ω DE → 1 and then of (23) that the resulting w DE depends only on β 2 ), its evolution depends significantly on that. Definitely, in order to thoroughly investigate the future behavior of the scenario at hand at late times, and extract the asymptotic solutions and their stability, one should apply dynamical system methods [61, 62] , however such a detailed analysis lies beyond the scope of this work.
We note here that in Figs. 2 and 3 we desire to present the effects of the parameters α and β on the cosmological behavior. If one wishes additionally to obtain |w DE + 1| 0.1 over the redshift interval z = [0, 1.5) as it is favored by observations, then he should consider only e.g. the black-solid and green-dotted curves of 3. Definitely, the complete confrontation with the observed behavior can only be obtained using detailed data from Type Ia Supernovae (SN Ia), Baryon Acoustic Oscillations (BAO), Cosmic Microwave Background (CMB) shift parameter, and Hubble parameter observations, and perform the appropriate analysis.
At this point we should mention that for β = 0, i.e. for the case of usual Ricci dark energy, the above expressions are significantly simplified. In particular, (17) can be inverted giving Ω DE in an explicit form as
and then (12) leads to
and therefore inserting these into (11) gives
which coincides exactly with the result of [55] up to the re-definition of constants (the authors of that manuscript use a coupling α which is 6 times our α and they set κ 2 to 8π). Finally, in this case (23), using also (16) , is simplified to
On the other hand, for α = 0 we obtain a pure GaussBonnet holographic dark energy. In this case the solution is obtained from (17) setting α = 0, however although significantly simpler the resulting expression cannot be inverted. Nevertheless, (23), using also (16) can be greatly simplified, giving
We close this section by investigating the above scenario under two extensions. The first is when we allow for an interaction between the Ricci-Gauss-Bonnet holographic dark energy and the dark-matter sector. The second is when we include also the radiation sector, in order to describe the whole thermal history of the universe.
• Interacting case
In a general dark-energy scenario one may allow for an interaction between dark-energy and darkmatter sectors, since on one hand such an interaction cannot be excluded by theoretical arguments, and on the other hand it proves to lead to an alleviation of the so-called coincidence problem, namely why the density parameters of dark energy and dark matter are almost equal today although these sectors follow a completely different scaling during cosmological evolution [63, 64] .
In order to quantify the interaction we follow the standard procedure and we modify the conservation equations (9) and (19) aṡ
where Q is a phenomenological descriptor of the interaction. Thus, Q > 0 corresponds to energy transfer from the dark-matter sector to the darkenergy one, whereas Q < 0 corresponds to transformation of dark energy to dark matter. Although the form of Q can be chosen at will, a well-studied choice is to assume that Q = ξHρ m , with ξ a parameter, which has a reasonable justification since the interaction rate is indeed expected to be proportional to the energy density [63, 64] .
Let us now see how the Ricci-Gauss-Bonnet holographic dark energy cosmology will change in the presence of the above interaction term Q. Firstly, according to (30) the matter evolution will become
and therefore (12) will become
Hence, (13) will extend tȯ
and then (14), (15) will read as
Thus, the differential equation (16) for Ω DE extends to
The analytical solution of the above differential equation, which generalizes (17) in the interacting case, writes as (38) where ǫ ± = ±1, but now with
Hence, as discussed above, ξ > 0 corresponds to energy transfer from dark matter to dark energy, in which case the dark-energy domination will take place sooner, while ξ < 0 corresponds to transformation of dark energy to dark matter, in which case the dark-energy epoch will arise later.
• Radiation inclusion
As can be seen from the upper graph of Fig. 1 , the matter energy density tends to 1 as z grows, and one can easily verify that this behavior is maintained for the whole z-interval that is required for the correct description of the matter era (namely up to z ∼ 2000). Nevertheless, since we have not explicitly included radiation, this matter-era will be maintained for larger z too, and thus in order to stop it and obtain a radiation era in agreement with the thermal history of the universe, we must include radiation. In the following we provide the involved equations of the scenario of Ricci-GaussBonnet holographic dark energy in the presence of the radiation sector, since this will allow us to describe the whole thermal history of the universe.
In particular, considering
the Friedmann equation (8) becomes Ω r + Ω m + Ω DE = 1, which leads to
Then (13) extends tȯ
and similarly (14) and (15) become
Inserting these into (4) and then into (11) we obtain
Finally, (21) and (22) are now extended to
and (47) while (23) becomes
Contrary to (16) 
In Fig. 4 we present the evolution of the RicciGauss-Bonnet holographic dark energy density parameter Ω DE , of the matter density parameter Ω m , and of the radiation density parameter Ω r , in the case where radiation is included in the scenario, imposing Ω DE0 ≈ 0.68, Ω m0 ≈ 0.32 and Ω r0 ≈ 0.0001 at present time, as required by observations. As we observe, we can obtain the thermal history of the universe, with the successive sequence of radiation, matter, and dark energy eras, before the universe result in complete dark-energy domination. 
IV. CONSTRAINTS FROM BIG BANG NUCLEOSYNTHESIS
As one can see from expression (7), Ricci-GaussBonnet holographic dark energy is not necessarily zero at early times. Hence, apart from the basic phenomenological requirements imposed in the previous section, one should carefully examine the constraints that should be imposed on the scenario from Big Bang Nucleosynthesis (BBN). Hence, in this Section we examine the BBN constraints in detail.
The energy density of relativistic particles constituting the Universe is ρ r = π
, where g * ∼ 10 is the effective number of degrees of freedom and T the temperature (in the Appendix we review the main features related to the BBN physics). The neutron abundance is computed via the conversion rate of protons into neutrons, namely λ pn (T ) = λ n+νe→p+e − + λ n+e + →p+νe + λ n→p+e − +νe , and its inverse λ np (T ), and the relevant quantity is the total rate
Explicit calculations of Eq. (49) 
in units where κ 2 = 1. As we can see, the examples considered in the previous section, where prove to exhibit a cosmological behavior in agreement with observations, as well as the de Sitter solution condition, lie within the above bound.
V. CONCLUSIONS
In this work we presented a model of holographic dark energy in which the Infrared cutoff is determined by both the Ricci scalar and the Gauss-Bonnet invariant. Such a construction has the significant advantage that the Infrared cutoff, and consequently the holographic dark energy density, does not depend on the future (such as in standard holographic dark energy versions) or the past (such as in agegraphic dark energy versions) evolution of the universe, but only on its current features. Additionally, it has the theoretical advantage that the Infrared cutoff is determined by invariants, whose role is fundamental in gravitational theories. Finally, following the usual approach in such theories, we allowed for more than one invariants of the same order to contribute.
In order to investigate the cosmological applications of the Ricci-Gauss-Bonnet holographic dark energy we first elaborated the equations and we resulted to a simple differential equation for the holographic dark energy density parameter Ω DE in terms of the logarithm of the scale factor (which is straightforwardly related to the logarithm of the redshift), that accepts an analytical solution. Furthermore, we extracted the form of the holographic dark energy equation-of-state parameter w DE as a function of Ω DE , and thus resulting to its form as a function of the redshift.
The scenario of Ricci-Gauss-Bonnet holographic dark energy leads to interesting cosmological behavior, with enhanced capabilities due to the presence of two model parameters. First of all one can obtain the usual thermal history of the universe, with a dark-matter era followed by a dark-energy one, where the onset of acceleration takes place at z ≈ 0.45 in agreement with observations, resulting in the future to a complete dark energy domination. The corresponding dark energy equationof-state parameter can have a rich behavior, lying in the quintessence regime, in the phantom regime, or experiencing the phantom-divide crossing during the cosmological evolution. Moreover, its asymptotic value in the far future is determined by the model parameters, and can be quintessence-like, phantom-like, or be exactly equal to the cosmological-constant value −1. In the simple case where the contribution of the Gauss-Bonnet invariant is set to zero we re-obtained the results of usual Ricci dark energy, while in the case where the contribution of the Ricci invariant is set to zero, we obtained a "pure" Gauss-Bonnet holographic dark energy, where the various expressions are simplified.
In the case where radiation is included, one can describe the whole thermal history of the universe, namely the successive sequence of radiation, matter, and dark energy eras, before the universe result in complete darkenergy domination. Finally, examining in detail the constraints that arise from Big Bang Nucleosynthesis, we showed that in the above solutions the chosen model parameters satisfy the obtained bound.
We mention here that the resulting form of the RicciGauss-Bonnet holographic dark energy contains terms depending on the Hubble function and its derivative. This might be similar to some particular models of the "running vacuum" classes [70] [71] [72] [73] , nevertheless the significant advantage is that in the present scenario they are justified under the holographic considerations using invariants, while in the former classes of models they are introduced by hand. Similarly, the scenario at hand is a sub-class of the general covariant generalized holographic dark energy, in which the Infrared cutoff is an arbitrary function of the Hubble function, the particle and future horizons, the cosmological constant, the universe age and their derivatives [74] , however in the present approach it is a theoretically justified and well-defined sub-class.
We close this work by mentioning that there are additional investigations that need to be done before the scenario of Ricci-Gauss-Bonnet holographic dark energy can be considered as a successful candidate for the description of nature. One should use data from Type Ia Supernovae (SN Ia), Baryon Acoustic Oscillations (BAO), Cosmic Microwave Background (CMB) shift parameter, and Hubble parameter observations, in order to extract constraints on the parameters of the scenario. Additionally, he should perform a perturbation analysis and confront it with perturbation-related data such as CMB temperature and polarization, Large Scale Structure (LSS) and gravitational lenses. Furthermore, he should apply the dynamical system methods in order to reveal the global behavior of the scenario at late times, independently of the early-and intermediate-time evolutions. These necessary studies lie beyond the scope of this manuscript and are left for future investigations.
Having these in mind, the interaction rate corresponding to the process (A.1) is given by dλ n+νe→p+e − = dµ (2π) 4 Hence, in the calculation of (A.5) we can safely neglect the above interaction rate of the neutron decay, i.e. during the BBN the neutron can be considered as a stable particle. The above approximations (i)-(iii) lead to [75] λ e + +n→p+νe = λ n+νe→p+e − .
(A.14)
Thus, inserting (A.14) into (A. 
